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*

The Inltlal Growhth gf a Sphericsl Explosion in Seg Water*
by

D. K. Y. Atland M, Holt?

Abstract

This report, which 1s a sequel to papers by Holt (1995
and 1956), describes the first stages of the calculation
of the growth of a spherical explosion in sea water, due
to a charge of PEIN iniltiated at 1ts center. Working in
the time distance plane, the analysis of Holt (1955 and
1956) 1s used to construct a "plus" characteristic travers-
ing the whole field of disturbance near the origin of
blast and the '"minus" characteristic which is the outer
boundary of the detonation reglon. These initial data
are then used to start a calculation of the further growth
of the blast field by the numerical method of characteris=-
tics, This 1s programmzd on an IBM CPC computer. A
procedure 1s establlished which is satisfactory in principle
but unsuitable for repeated application on this particular
computer owing to inadequate storage facilitles., As a
consequence only the first stages .of the calculation are
carried out now and the work will be completed later on
an IBM 70% computer.

The results presented in this paper were obtalned 1n the

course of research sponsored by the Office of Naval Research

under Contract Nonr-562(07)

1. Research Assistant 1n Applied Mathematics

2

» Assistant Professor of Applied Mathematics
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I, Introduction.
This report is a continuation of work by Holt (1955 and

1956) or the initial behavior of a spherical explosion. A
beginning 1s made with the numerical calculatlon of the growth
of a spherical explosion in sea water, due to a charge of PETN
jnitiated 4t its center, The basic data are taken from Holt
(1956), where series expansions are developed to determine the
field of disturbance near the orlgin of blast (the point Of

in the time distance planc shown in Figure 1),

Three stages preliminary to this calculation are completed
in the present rcport. Firstly, the series expansions are used
to calculate initial values of physical variables on a "plus™
characteristie traversing the whole disturbance fleld near Of,
Secondly, the ordinary differential equations satisfied in the
detonation region are integrated, using Jones! equation of
state for PETN; the integration leads to the contstruction of
the minus characteristic_dividing the detonation region from
the gas expansion region. Thirdly, the data on these two
characteristic lines are used to initiate a calculation of the

remaining fieldvof disturbance by the numerical method of

characteristies, This work is programmed on an IBM CPC computer

attached to the Division. The program ls satisfactory in
principle but requires a larger storage capacity than that
avallable on this machine. Accordingly only the first stage
of the numerical calculation has been carried out so far and
the program will be completed on an IBM 704 computer which has

the required storage facilities,

——
.
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The physical phenomena and the theoretical analysis of
the problem are given below briefly. The description is
dertved from the fulier account given in Berry and Holt (1954),

When a spherical charge of orthodox explosive 1is initiated
at 1ts center 1t 1s observed that the main blast wave is
followed by a second blast wave which is very weak at first
but attalns an appreciable strength later, The cause of this
second wave 1s the slightly excessive expansion of the explosive
gases behind the detcmation front which, if unchecked, would
make the gas pressure at i1ts outer boundary too low in comparison
with the adjacent fluid pressure behind the powerful main blast
wave., The second blast wave, which always starts inside the
exploslve gas reglon. has the effect of increasing the gas
pressure.sufficiently to easure continulty at the fluid-gas
boundary.

Theoretlical analysés of the existence of the second blast
wave have been done by Whitham (1950), Wecken (1951), Berry
and Holt (199:), Berry, Butler and Holt (1954) and Holt (195%)
based on the investigations made independently by Taylor (1950)
and Doring (Doring and Burkhardt (1946)). The early develop=
ment of the disturbance from a typilcal spherical explosion 1is
illustrated in Figure 1, which shows trajectories in the t,»
plane, whers t is the time measured from the instant of initia-
tion and r is the radial distance from the center of the explo=-
sion, It begins with a detonation phase, during which a strong
detonation wave 0'D travels outwards from the center and reacts

on the solid explosive to produce highly compressed gases,
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This is the main blast wave, which is followed by a region of
disturbed fluid denoted by c. At the same time the gases
released by the explosion expand rapidly through a centered
expansion wave AO'B, a region dencted by e. At the head of
this expansion wave is another gas region of initially uniform
flow BO'C denoted by g, this is adjacent to the compressed
fluid region c,

In the stage following the detonation process character-
istic curves play an important part. We define a "minus
characteristic" to be a line in the t,r plane, the slope of
which is everyvhere equal %o the difference between the local
veloclty of fluid and the velocity of sound., Correspondingly,
a slope of a "plus charachcristic" 1s everywhere equal to the
sum of these velocities. Throughout this teport we are dealing
only with these two types of characteristic., In water the
entropy change 1is considered to be negligible, therefore the
third type, a streamline, which is a characteristic for the
entropy, does not arise., Entropy changes are signifilcant in
region g, but not at the small distances from O' considered
here, In the expansion region a fan of minus characteristics
radiates from O'. This whole region is isentronic and can be

described by two dependent variables u and a. Region g is

bounded by a minus characteristic line on one side and a stream-

line on the other, This region is isentropic only to the
extent to which its boundury with reglon e remains a minus
characteristic, In the compressed water region the flow 1s

entirely isentropic., 1In both regions three dependent variables

- —— e -
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u, p and a are used,

In the neighborhood of O', equations of motion are solved
in series expansions to describe the state of motion. _Further
out in the field the method of characteristics is used. Wecksn
(1951) employs series expansions in the neighborhood of O' ohly
up to terms or order (t - to)%, where (t,, ry) are the coor-
dinates of 0', relying on numerical work to continue the f1eld
further out. This is inadequate to gain a full understanding
of the initial £ileld of disturbance, and, in particular, to
prove conclusively that a second shock must always develop,
the series must be taken to higher order terms, Berry and
Holt (1954) made an investigation of the mathematical nature
of the singularity in full. The flow 1is expanded in half-
powers of the distance from O! in the t,r plane with coefficlents
depending on the angular coordinates. The expansions are not
valid in the neighborhood of the minus characteristic through
0! in region g. Near thls line the expansions are modified by
the extension of a technique due to Lighthill (19%49). The
method developed by Berry and Holt (195%) was generalized by
Holt (1955) so that a svpherical explosion in water may be conw=
sidered, The result of their work is summarized in IT.

In thils report calculations are made to a Spherical charge
in water based on the method derived by Holt (1955)., The
series expansions are carried out separately in each of the
regions and coefficients are computed according to the boundary
conditions and equations of state in Holt (1956)., One member

sach of the plus and minus characteristic lines are constructed.
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The plus characteristic starts at a point on the detonation
front very near 0! and goes through the whole disturbed region,
The minus characteristic goes radlally from O' along the expan=-
sion.-detonation boundary, With the positions and conditions
of these two characteristics known, further out in the region
other members of the characteristic families may be constructed
in a step by step process, Numerilcal integration and an itera-
tive method are employed and programmed on an IBM-CKC computer.
It 1s found that even with the aild of the IBM computer the
problem requires a considerable amount of time to solve com=
pletely., However, all results found are tabulated so that we

are in a ready position to extend the work,

IT. Expansion In series near the orisgin of the main blast wave.
The equations of momentum and continuity in unsteady

spherical symmetric flow are, respectively

34y Sy, 13p _

ot " 4ar * p Or 7 0

3p 3 ) >
2 9p _ 284
at T P 3% tun Ty

Throughout the analysis, all variables are made non-dimensional,
The radial distance r and the time t are divided by their
respective values at the surface of the sphere, the pressure p
and the density p by their respective values at the detonation
front and the fluid velocity u and velocity of sound a by the

detonation velocity.

New variables { and & are introduced and defined by

e e A Awme WL -
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= 1 = Ezsin 8
l = Czcos e

e}
t

ct
H

52 and © are polar coordinates in the t,r plane based on J!,
with © equal to the angle measured below O'M and £2 the radial
distance from 0!,

The form of expansion to be assumed for each dependent
variable is determined mainly by the known behavior in the
detonation region. Using the results of Taylor (1950) and
Doring (Dgring and Burkhardt (1946)) the ;ériables are analytic

functions of ¢ where { = = : o
(1L - Ecos 9)

Berry and Holt (1954) assume series expansions for u, a

and p in the remaining regions, of the form

uo(e) + ul(e)i + u2(9)§2 + eo0o

u=
a = ag(8) + ag(e)E + ap(0)E° + 4oo
p = po(e) + pl(e)i + pg(@) 52 + s0e

Tne expansions for each region are different, and are
distingulshed, one group from another, by using an appropriate
suffix.

Ihe isentropic reeion

In the isentroplc region e, after introducing the

auxillary variable of state

d = l.[gﬁ
k {pa
where
D2p
Kk = e

R T
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the equations of momentum and continuity, when expressed 1n

terms of the independent variables §{ and 8, may be written in

the form
5 :
E{cos 8 + (u £ a)sin 9}(3% x %%) (2.1)
. — _ Lyap?
- 2{sin @ - (u + a) S}Q(gﬂ;’;m’)*' = 0
{s n utajeo 28 — ae 1 = ggsin )

In equations (2.1) after substituting expansions of the

dependent variables of the form
- 2
Uy = Uye(8) + 1, (6)E + u, (B)E" + 400

and equating corresponding coefficients of £, one group of
equations are obtained for each order of coefficients. In this
paper, the g'th order coefficient is referred to as the coeffi=-
cient of £Z,

Terms independent of { in equations (2,1) give the rela-

tion between zero-order coefficients

= tan © (2,2)

o
'8
[
i

Q
!

Ugg t Oy = constaat (2.3)

The terms of order § in (2.1) give the following rela=-

tions between the firsteorder coefficientss

(up = 038) + 2Quy = a7, (afy ~ 04, )c0s%0 = O (2:4)
{cos e + (uoe + aoe)sin 6 }(ule + dle)

- E{Sin 8 ~ (uoe + ace)cos G}(uie + die) = 0 (2,5)
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e e . e

where

u’e = %‘@- v etce
© de

v e b N Sl L% -

The relation between the coefficients of {2 derived from (2.1)

are

- 1! ag? - 2
2(u29 026) + 2(Loe °oe)(u29 aze)cos e

4 e mer— s e rni AR T

+ (ule - ale)(ule -<sle)sin 8 cos ©

2 |
+ 2(uye = ale}(uie - 6],)cos"® |

+ huoeaoecos 8 =0 (2.6)

2{?03 8 + (uoe + aoe)sin 9}(u2e + °2e)

- 2{sin 8 - (uo + apﬁ)cos 9}(u' +gt)

2e 2e

-

+ (ule + gb){(ule + 9, )sin o + 2(uie + die)cos e]

-bu ae =0 (2.7)

Both variables ooe and s are related to Poo by the

equation of state so that Poe 1s defined implicitly by the

squation

doe(poe) + aoe(poe) = const, ~ tan @ (2,8)

The equation of state in region e may be written

p = p(p)

which becomes, on expansion




56207/9

2 2
+ * eeo = +
P pl & pl & p(poe) kaoepleE

oe ) -]

2

2 (2
+ (ak P g + ELgP1glE oo
where
2
2 _ ¢dp -
k&oe = (dp)oe ’ Le = (i‘;‘g)oe

We then have the relations

o2
ple kaoeple

" 1.2 ir 2
Poe = ¥aggPog * Thepie

Similarly, by exparmding the equation

ﬂ:-L
dp kpa
we find that Pig = kaoepoedle

= 1
pze - k{éoepoe°2e * kdle(aoeple + poeale)J
From the equation ka? = %% we obtain

Ib
a =
le P
2ka le

_ 1 2 43 2
Aog 2kaoe{éep2e + %P1e<§;§la - ka1e}

Combining the previous results, we find that

819 = M990

!

where A

i ——

o ——E ———




56207/9 10

The above relation is useful in sclving u,,, 81p and dq4
in terms of zero-order coefficients. A simllar procedure can
then be applied to equations (2.6) and (2.7) to find usgy 85
doge The actual calcu}.atiqn of these coefficlents will be
presented in detail in III,

Lhe non-lsentroplc reglon

Region ¢ is, in general, entirely non-isentropic and region
g 1s partially so, Much of the analysis of region g can bhe
deduced as a simplification of that in region c.

After changing the independent variables r,t tof and 8,

the equations of momentum and continuity are in the following

forms
E{cos @ + (u £ a)sin 9} (kpa —g-g hd %E-)
- 2Lsin ® - (u % a)cos e}(kpa-g-%_t%) |
T kua?0E _ 4 (2,8)
1 -&2sin 8

In the above equations we substitute expansions for each

dependent variadble of the type
) .
u = uoc + ulc(e)l', + U2c(g)€ + se0

whers u,, 1s a constant. Equating coefficients of  and 52,
we then have a set of ordinary first-order differential equa=
tions for the coefflicients of first and second ordsr in turn,

Solving these equations we obtain

e i bt < i
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u
1lc kpocaoc
¥ X
Pye = Cpb - Cob3
- ¥ ¥
Ple = =iy (Cp¥] - Co¥3)
ka
L 1 3]
810 = '7‘%‘3"{"1“’1 - Ca¥a |
2Kk%a J
oc
where
P, = stn 8 = (uye + ag,)cos 8
Yo = (@gq = 85y) - 21n @
2
Ly = (%;g)oc,

and the C's are integration constants.
To find coefficients of §2, auxiliary variables q and r
are introduced and defined by

q = kp,au = p

r = kpau tp
Ve obtain from the corresponding coefificilents of £2 in. (2.8)

r2c = M{nguocagcpgc - (1 + kc)(cjg_ + C%)}

kP oe?oc
C.Co¥ 2 :
+ ke {(1 - xc)c“%%f‘/ - 3(1 + xcx%é)é} - 20,44
3P 1oBo0 1 1
. 2 . o2 ‘
4pe = E%ﬁ_gi:{(l + N )(C] +C3) - 2ku°cagcpgc}

- S8 [ )@ 2 3+ @Fk 2o,
3kpocaoc 2 2 J




56207/9 12
Usq and p2c may be solved from

Any = KP LBy, = Doy

Toe = KPoBoloe = Pag

The remaining second-order coeffilcients Poe and 85
can be deduced from the expansion of the equation of state

p = p(P,S) ard ka2 = 3p/8p at the initial condition. We obtain
the relations

kaq = L
1 2a Lpl

ke, = -L(IP + ‘%‘sz - kaz)
2 2ay 2 1 1

where

The partially~isentropic reglon
In region g, the situation is quite similar to that of

region ¢, The zero-order coefflcients are constants, The first-

order coefficients are

% ¥
U, = (G197 ~ G92)
1
1g kpogaog 1 2v2
. ¥
Py, = G393 ~ GP5
Plg = 72 (qu’?. - Gz“’g)
ka
og
A X 5
k—4 —-——g——-——-—. 2 - T
81g = Fpa (0197 = G,9)

0g 0g




96207/9 13

The second~order coefficients are obtained through the

auxiliary variables r &8nd q.

= 003 e {2k2 - (1 + k )(G2 + GZ)}
og og og og og
G, G,9 3/2 9
+ __E_g.%.u{(l - kg)(;a) - 3(1 + Kg)(ﬁg)% - 26,
3kpye20g 1 1
q = kp a 1u -P
2g og og 2g 2g
oS 6 2,62 - 2xPu ad o2
kp_ = {(l PG+ G3) - 2ku, At P
og OB
G, G, ?,.3/2
S kL B (G R Yo B Y ISPV I 3 R
2 q’a 54’2
3kp &
og og
where
¢, = sin 6 - (uog + aog)cos e
9, = (uog - aog)coso-sin e

and the G's are Integration constants, pgg and azg can be

solved in the same manner as ng and aZc°

The expansion of r 1s valid throughout region gj but the
expansion of q 1s not valid along the minus characteristic
through 0'. 1In order to overcome this difficulty, an

independent varlable z 1s introduced, where
0 =b +z+06, (2)F +0, (2)2 + vus
lg 2g

b 15 the iniltizl value of 6 on the minus characteristlc line

.l N -

e o —

e 1t et e
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through 0!,

The new expression of dpg in terms of 2z may be written

= btz - ox° 3 p2
(z) ggiém;;l}}I + A )(G1 + G2) 2k uogaogpog}

GG
- __1_223. j(l -\ )(_A)3/2 - 3(1 + xz)(fl)%}
BRPOgaog L P2
G.G
3 kpogagg 0 g’ " “%og 2 co 592

where ?q and ¢, are evaluated for the argument ¥+ z, At z = O

or 8 =
= _ggﬁn_.f + 62 + 602 « 2k2y_ a3 p2 “
Aog Rpoglog 61 x ) ( ¢ ) 2k Uy e¥oePog ~ 260,
III. Calculstion of all coefficlents in region e, g and c. y¥
Rezion e

The equation of state in dimensionless form in region e
is

% = 1.6309 = 1,2421p + 0.5165p + 0,09%456p=5/6  (3,1)

From (3.1) we deduce the velocity of sound

a = (1 Qﬂ)% ‘Q;

(-1>‘l‘ 1.6309 = 1,2421p + 0.5165p2 + 0,004675 575
(1.2421 ~ 1.033p + 0. o7ggqu-11/6\‘

(3.2)

and the auxiliary Variable of state

1l a -11/6. %
= %~J Y (%) g (1.2421 = 1,033p + 0,078875p ) dp
' 0
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where
k = D%pg/pg = 5:409
Knowing a and ¢ as functions of p we can next find 6 as a

function of the initial value of p in the expansion zone, Poes

from the ralation
doe(Poe) * 80e(P,g) = constant - tan @ (3.3)

*he constant 1s immediately found from data at the
detonation front at which p,q = 0.6132, & = 2.8876, ¢ (p )
= 1.49186, a,q = 0.5787, constant = 1.81101.

A1l the initial values of dependent variables in the

expansion zone are then defined implieitly as functions of 8,

To obtain the first-order coefficients, consider first
equation (2.5), the solution 6f which gives us the ratio of
Ue(8) + 614(8) to uj (a) +0,. (@) We may write

{sin 8 - (uggta g)cos 9}

f {cos e + (u_+a_.)sin Q}

u,.(8)+c (G)=Ju (a)+g., (x)le
le le 1 ls le

¢ is the initial value of the boundary between e and d.

In order to determine uyg(a) + o,,(a), we take the result
of Dgring that in the detonation region u and ¢ are functions

of L and may be written

=
il

uo + ulc + llzcd + oo

do + GIC + 02C2 + sae

Qa
i

where the coefficients are constant and




56207/9

16
2
g2=£_(_§1.n._g_:_sﬁ=_el
1l -&cos o

At the boundary between regions e and g

g=ﬂ+ﬂli+a252+un-
Now, expand { in Taylor!s series about the point
Q=(z,
we obtain
ﬁl(cos a + sin q)

2(sin a ~ cos a)ﬁ

{ = E(sin a = cos a)¥ + E2

+ ass

Substitute into u + ¢ to get

- . - *
u+o¢ = (uo + do) + (ul 4 61)(sin a - cos a)f

By(cos « + sin a)
+ [(u2 + 65)(sin a - cos a) + (u

2
1

+ 0_)

2(sin o ~ cos a)?
But in region e we have

u

it

o uoe(e) + ule(e)g + uze(O)i;2 + s
8, = 0,g(0) + 0. (O)E + 0, (@)% + ...

Expand u_ + da about @ - ¢ and compare coefficlents of same

powers of § with those in u + ¢, We obtain

—

+06_ = +
u, + 0, =u, (a) +d, . (a)

(ug + dl)(sin @ - cos a)% = ule(a) + dle(a)

Congldering equation (2.4) and toking into account the

previous results we obtaln

- Z‘; Taos

p e i e A G e o T
R o -

e et g P emt ™
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= + A
1y(8) + o (8) = o, (8) ﬁé,ln-%

tie can now find all first-order coefficlents u,¢ and a as

functions of Q.

To obtain second-order coefficients we first solve ths

three simultaneous equations for up, ap and d,

up =9p = uo-_z,u§:°_, T (3.5)
(up + a5 + 1) + (1 + Mup + 0p) = 2(ag + Auy) (306)
85 = Ao, + dpo] (3.7)
where p o= g%

The results are

= 2
2T mlm{ao - dpoy ‘+>~uo}
2 2
®2 - m"?ﬂ{ao - 3up = dpol ¢ Mo} ias

[ 2
%2 T3(AT Xi{ao = 3up = #uo + kuo}

Solving equation (2.,7) gives us

[ uge(e) + 626(9)] - [uze(ﬁ) + 023(3)]

N TOLLI jz g(8)de
=0 ° j n(ele de

a
where

-

{ }
{cos e + (uoe + aoe)sin e

g(e) =
{sin & = (uyg + ayg)cOS 9}

o e - s A Ao W e s s

s - s
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(ule+ale){(ule+dle)sin e + Z(uie+die)°®s;é}. 4u__a

n(e) = —08 08

sin 6 = (uoe+aoe)cos e

Solving equation (2.6) gives us

Use %{ “al (upg-apy) = (uq =8 . )cos 8 [(uy =9, )sin @

+ 2(ule-d Yeos 6] = huoeaoecos 6}' (3.9)

With the equation

n
- +\ - 2 - %e
Upe * 00 = = (%:X)(uza dp¢) * Toplling = 23¢) * 1T

(3,10)

we then have three simultaneous equatlons to solve u, ; o

and P explicitly as functions of 6.

Reglion ¢

The equation of state in region ¢ 1s
= AI(L)H - l}

vhere n, B and p, are constants determined by Richardson,
Arons and Halverson (19%7)
n=7
B = 3.311 & 109 dyn/cm?
Po = 1007 g/cm3
pg = M6 x 1010 dyn/cn?,

Equation (3.11) provides us with the corresponding values
of Lgy A, etce
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The computation involved in solving u, and a, :is' much
gsimpler than those in region e. The required integration

constants and boundary conditions are supplied by Holt (1956)

L VN SNV e

and coefficients of first and second-order are evaluated
according to the expressions in II.
Region g.

Coefficlents in region g are evaluated in a simllar manner

to those i1n region ¢ using the expressions listed in II, Since

this 1s a uniform region as far as certain prcperties are con-
cerned, only first and second~order coefficients are functions
of © and values of kg, Lg and Pg are constants equal to the
values of Ny, Ly and P, at the boundary.

All values of ug, agy %5y U,y u, and a, are tabulated as

: g g
functions of 8 in V. All necessary data for the computation

e e ——

obtained from Holt (1956) are given in the appendix.

IV, The construction of characteristic lines.
The minus characteristic line.
A fan of minus characteristic lines goes through 0! in
the expansion region, among them i1s the boundary between regions

e and d¢ The boundary 1s expressed by the equation
8 = 2.5097 + Oo6197€ - l08081+52 + aae

Our problem now is to determine the fluid properties along this
line.

We know, from the result of Dgring, that in the detonation

reglon, the dependent variables are expressed in the form
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u=uc+ulﬁ+u2§2+ oo
Substitute them into the equations

(uta-z) angi_ll =¥ gga (4+.1)

where 2 = 1 = Y2‘

/e can determine a point of known properties by choosing
a small value of £, thus of 8 and{ . From this point on we can

determine all the prop-rties along the bounding characteristic
by integrating (4,1) numerically.

The initial point is chosen at L = 0,1 or z = 0,99, u, a

and ¢ are evaluated respectively.

Bquations (4,1) are replaced by simple differential equa=

tions (4.2) as a first approximation

(u2 +°2)

(ug * 93) _ _2uay 1
Z2-Zl Zl u1+al'zl

(4.2)
(U.g - 02) - (ul - dl)

2ujaq 1
22 - Zl

z2.1s a value chosen such that rapid convergence ensued,

up and d5 can be determined from (4.2) and a, may be obtain-

ed from the relation
P

/

A better approximation of s and d, can be achieved by

writing the difference equation in the form

b e e i N o [
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-

(uptoy) =(uqto,) - - %J 2uial 4 __2ugap
Zo=2q j‘ zl(u1+a1=217 22{1124’82"223 .
(4+43)
(up=05)=(uq=04) f 2uqaq L 2u»as

Zp=2q N ] zqlup=ay=z1) ’ zp(uytan=z,)
\

Values of up, a, from the first approximation are used,
and the new value ap may be found by using the new value of Goo
This process may be carried out a few more times to obtain
enough accuracy. The values of u, a and ¢ at different z or ¢
are tabulated in Table &, V,

T 1 ¢ e stie 1

The "plus" characteristic family lie across the flow field
from the boundary between e and d to the main shock. One membsr
of the family lying very near O' 1s constructed in the follow=-
ing manner,

The governing equation

& - 2l + (g i—ﬁZEuLJﬂ (L k)

de u+a=tane

is replaced by a simple difference equations A small value of
E on the boundary between e and g is chosen to be used as an
initial point. Having found all the coefficlents of series
expansion in regions e, g and ¢, we are able to integrate the
above equation numerically in the same manner as the minus
characteristics, This process gives the position and condition

of this particular "plus" characteristic. These data are given
in Table 5, V,
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The construction of further charscteristic lines

Having determined one "plus" and one "minus" characteristic
line, we are 1n a position to construct the whole flow fileld
by the method of characteristics,

Due to limit of time the whole work is not tried at the
present stage., However, a plus charactertstic 1ine has been
computed im region e by IBM CPC as an illustration of the
method,

Using a modified method of Berry, Butler and Holt (195%)

we introduce new independent variables x and y by the relations

x=%t =1
y=1r 1
The characteristic lines are defined by

%% =uza (4,5)

The characteristic equations are then
= ¥ 22l
du + do + 7<a ydx (4.6)

In numerical work equations (4.5) and (4,6) are replaced
by simple difference equations and an iterative method may be
employed as 1in the construdtion of the "minus" and "plus"

characteristics,

Figure 2 shows & characteristic quadrangle in which 12 and

13 are given segments of known "minus" and "plus" characteristics

respectively and the point 4+ 1s to be constructed., A first
approximation is made by calculating the position of point L4

as the 1ntersection of tangents to characteristics at points 2

[ —

e e ey e

e v e - o T e N o E
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and 3, using equation (4.5), then finding values of u and ¢ at

4 by solving equations (4.6) as simple difference equations.
Better approximations may be obtained by 1teration in the same
manner as deseribed above. The whole process is programmed on
an IBM CPC computer in a continuous manner. A point lying out on
the minus characteristic was picked to be point 2, all the needed
known properties assoclated with this point are stored in the
machine, likewise are the data of a chosen point 3 on the known
plus characteristics. The two difference equations (%.5) are
solved to give the values of x, y and then u and ¢ in (4,6},

The value of ¢ is then used to calculate 1its corresponding value

of p from the relation

d
%E = fk'g-é' (l"o'?)

Equation (4,7) is replaced by a simple difference equation
using either point 2 or 3 as one end point. The value of p

is iterated according to (4+.7) and its final value 1s used to
calculate a, After the positions and properties of point 4 are
found, the machine automatically stores everything connecting

4 into those previously containing 2 and a set of data of a new
point 3 1is fed in and the process 1s repeated, A line contain-
ing roughly 25 points may be constructed in a matter of six
hours. It is thus felt that CPC is not the most sultable equip~
ment for doing this type of work, both time and costwiseo_ The

value of the "plus" characteristic 1s given in Table 6, V,

e o v o 2 g

gt e it e -
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Vo Tables

Table lc
Table 2,
Table 3,

Table L,
Table 5@.

Table 6,

2l

Coefficients of series expansion 1n reglon e, u,
a and d.,

Coefficients of serles expansion in region g, u
and a.

Coefficients of seriles expansion in region ¢, u
and a,

Second plus characteristic in region e,
Arbitrary plus characteristic, x, y, uy, a and d
near 0! throughout the field,

Minus characteristic, x, y, u, a and ¢ along

boundary between e and d.

-

T
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Table 1. Coefficlents of series expansion in region e

u

© Yoe | 16 U2e ° Uoe Uie U2e
205997 «1990 | =e3671 | =2023467 ||2.81 .| .2705 | =.2431 | 4114960
2,60 | <1990 | ~.3671 | =-,028397 {[2,82 | .2759 =s2347 | 2129732
2,61 | 42012 | -.3635 | -.02686% |[2.83 02817 | =o02272 | 144103
2,62 22032 | -.3599 | -,024931 |i2,84 2875 | =,2188 | 4161040
2063 | 22054 | =.3559 | =.022719 (12,85 | .2041 | -,2106 | »178349
2,64 «Q076 | =.3518 | -.019769 || 2,86 23005 | =,2028 | ,195608
2465 | 22101 | =.3475 | =,016512 ||2.87 | .3067 | =,19%5 214330
2,66 02127 | =.3428 | -,012531 || 2,38 «3138 | -.1873 | .231502
2,67 22153 | =+3382 | -.00811%+ 12,8876 1 ,31915 | -.1819 | ,250759

2.68 »2181 | ~,3329 | =,003510
2.69 02211 | ~43275 | +,001988
2470 e2242 | =,3220 | +,007069
2,71 22275 | =43159 | +,014615
2,72 02309 | =43100 | +,020684
2073 | 22345 [ -,3033 |+,028998
2,74 02384 [ -42966 | 037045
2,75 o222k | -22903 | 045066
2,76 | +2465 | -.283% | 05429k
2,77 02508 | 42763 | 064760
2,78 02555 | =.2691 | ,075793
2479 22602 | -.2611 | ,087235
2,80 22654 1 -,2516 | ,100838

e =i A 2

i e e e e

e
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Table I (continued)
a
© aOe ale a2e ® ®0e ®1e %20

205997 | 28010 |=~a7893 | 4600824 || 2.81 |[.6152 | =.2488 | .36240
2,60 | 48010 |=47893 | 4597736 || 2.82 |.6096 | =.2323 | 37880
2,61 | 47890 |=.7481| .55900 || 2,83 |.6045 | -.2186 | »38830
2,62 | <7778 |=27103 | L5115 || 2.8+ |.5995 | =.2033 | JL40273
2,63 | o7666 |~.6750 | M7830 || 2,85 [.5947 |-e18% | 41910
246 | 27560 | =6kl | LL500 || 2,86 |.5900 | =~o1767 | .%43800
2,65 | 7458 | =o6107 | L42480 || 2.87 |.5850 | =.1635 | (45850
2,66 ¢7355 | =e5793 | JHOk60 || 2,88 5810 | -.1522 | .14t7892
2467 | #7255 | =.5512 | ,38798 |l 2,8776 |.5787 | -.14k0 | J49168
2,68 07159 | =.5226 | 437364
2069 | »7065 | =954 | 236050
2,70 | 46970 | -.4709 | .34950
2,71 «6886 | -,lk59 | 34150
2.72 06800 | -.423% | 33450
2,73 «6713 | =.400% | 432800
2074 | 26632 |=43790 | ,32450
2,75 | #6555 | =e3605 | 431950
2,76 o480 | =341k |,31950
277 JB4+10 | =43229 |,32400
2.78 | <6340 |=.3051 |,33150
2,79 | o6275 |~-.2866 |.34200
2,80 | 46210 |=-.2659 |,35150
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Table I (continued)
Ge
e %0e d1e | Y26 e 908 de | Y2

2,5997 | 1612 | 21294 | =.24908(| 2,81 | 145%00| =.2325 | -,4+1922
2,60 1,6118 | =o1294 | =, 24916]| 2.82 1e5345] =02395 | =.43587
2.61 | 1,6096 | =.1324 | -,25152|| 2,83 1,5287| =0 2456 | =el5249
2,62 16075 | =21353 | =425431(| 2,84 1.5230! =02526 | ~,147115
2,63 | 1.6052 | =1386 | =a257Mh1] 2,85 | 1.5170| =259 | =.4905%
2.6k 1,6030 | «o 1419 | ~,26133 (| 2,86 1.5104 | =, 2657 | ~. 50997
2,65 1.6008 | =, 1454 | =,26556|| 2,87 1,5038|~,2725 | =0 53099
2,66 1.5982 | =,1493 | ~,27057|| 2.88 1.4970|%,2782 | -455042
2.67 1.5952 | =o1531 | ~.27606|! 2,8876 | 1,4918|=,2824+ | ~,57148
2.68 1.5925 | =0 1574 | =,28177

2,69 1.5396 | =, 1619 | =.28842

2,70 1.5865 | =. 1664 | =, 29470

2.71 1,5830 | =.1715 | =.30350

2,72 1.5800 | =4 1764+ | -.31087

2,73 1.5764 | =, 1820 | =.32052

2.7% 1.5727 | =.1876 | =.32996

2.75 | 165690 | ~21929 | -.33942

2476 | 1,5650 | =~,1985 | ~.35015

2677 1,5605 | =204k | =436218

2,78 1.5560 | =.210% |=o37482

2,79 | 1.5510 | =,2171 |~.39799

2,80 1.5%56 | ~,2253 |-,40333

—
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Table 2, Coefficients of series expansion in region g
u
© | Y U1g Yog © Yog| Yig tog

2,8876.3191|=.1881348 | .0321892}| 3.2k | ,3191| -.140979| 167320

2,8880|.3191| -, 18753696/ 0014837|| 3,26 | .3191} -.138320| . 174408

2,8885| 43191 ~. 18720721 ,0099878!| 3,28 |.3191| -.135612|,181%29

2.8890|,3191:~,18695451) .0146487.1 3.30 | .3191|~-.132855,188381

2:890 |+3191]=,18654632] ,0193006!| 3.32 | 43191 =4130044|,195259

2,900 |.3191{-.19051 | .0309208|| 3.3+ |.3191|-.127178|,202060

2,920 |.3191}-,180703 | .O410614i| 3,36 | .3191~,124252,208783

2,940 |.3191;-.177898 | .0496793||3.38 |.3191|-,121263|,215423

2,960 »3191 - 175308 .067938h{ 3.40 |+3191|~.118209{,221978

2,980 |.43191|~.172829 |,0660172||3.42 |o3191|=,115083.228%45
© 3.000 [03191!-4170410 |.07399001| 3.4 |.3191|-.11188%|,234819

3,02 [03191;~,168025 |.08188511)3,4405]031911~,110173 |,238129

3,04 .3191[-,165653 |.0897163

3.06  [.3191|-,163233 |,0974877

3.08 |.3191]-.160906 |,10865214

3,10 [.3191-.15851% |,11613660

3412 [43191|-0156103 |[.12358839

3014+ |63191|-.153666 [,13100068

3016 [23191]-.151200 |.1383690%

3,18 |.3191/~.,148702 |[,14568949

3,20 [a3191(=,146167 [.15295665

3.22 23191 ]=-.14359% [,16016830
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Table 2 (continued)
a
e aog alg a2g e aOg alg an
5,8876|.5787 |-, 0959742 -,2u267420:3.2% | 45787'1250897991=330204
2.8880|.5787 |-.09625375| =,21407971(3,26 |.5797-.088921-.333795
2,8885 45787 |-.09639008] =.22933902([3.28 | .5787 |=,088003 |-4337153
2,8890| 05787 | =.09647710] ~,2323%4037(3.30 |+ 5787 |~. 087045 |~s340371
2,890 |.5787|=,00663147| =,23540690([3.32 | 45787 |=.086046 | =¢343Lk45
2.900 |.5787[=.007259 | =-.2437267113.34% |.5787]-.035005-.346374
2,920 |.5787|=,097643 | =.25143223[3.36 |.5787[-,083921|-.349157
2,9% |,5787(=.007701 |-.25783400|[3.38 |.5787|~.082793|~.351792
2,96 |.5787|=.097602 |-.26380211)3.40 |,5787|~,081620|~-,354281
2,98 |.57871-,097398 | ~=,26049212||3.42 |5787|-,080400]=,356619
3,00 [o5787[=.097113 |=.27497359|3.44 |.5787|-,079132|~,358808
3,02  |.5787|-.096763 | =.28027525(|3.14505| +5787| =, 0784461 =,359897
3.0 |.5787|=.09635% | -.285%1352
3.06  |«5787(=.09589% | =.29039747
3,08 |[,5787|~.095385 |=.29736800
3,10 |.5787|=.094831 | ~,30194900
3.12  |.5787|=.09235 -+ 30640000
3014  |25787|=+093596 |=+31071900
3,16 [+5787[=0092916 |=431490500
3.18 {.5787|-.09219% |-,31395300
3,20 [«5787|=»091437 |=.32287500
3,22  [05787|=.090638 |=,32665300

e admrd
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Table 3. Coafficients of series expansion in region ¢
- u a
© Yoc B¢ Uoe © 20c alc 82¢

3.14505 143191 |~.108258|-.002841 || 3.4505] 49971 -, 004631 =, 012636
3,46 1.3191(-,107620|-,006328 346 | 499711 =, 004595 =2 012609
3.%8  [.3191 -.1062k6§—.013667 348 109971 =, 004516| ~, 0125146
3,50 |e3191-,104829!-,021001 3050 [09971| -, 004435 ~, 012479
3.52 |.3191~,103365~,028321 3.52 | 49971| -.004352| -, 012407
3.5% |.3191|-.101855;-,035641 3e5% 149971 -, 004267 ~.012329
3.56 13191 (=.100297|~,0%2040 3,56 |+9971| -,004180| =,012247
3.58 |.3191-.098688=,050223 3.58 |.9971| -.004090|~.012159
3.60 [.3191(~,097026|-,057485 3,60 |[.,9971|~,003998|-,012066
3062 |03191(=0095310]~. 06472k 3,62 |,9971{~,003903|~,011968
3,64 1.3191{-,093537|-.071936 3.64% {9971 =,003506|=,011865
3,66 |a3191|-.091703|=,079120 3.66 1.9971|-,003705|=.011758
3,68 {.3191|-,089805|-,086272 3468 149971|=,003602|-,011645
3,70  |+3191|=.087841 | ~.093389 3,70 [<9971|»0008895|~,011527
3.72  [e3191[~-,08580k | =, 100468 3.72  |09971[-,003385|-,011405
3.7%  [e3191|-.083692|~-,107506 3.7 |29971(=,003271|=,011277
3,76  {,3191(=.081495 | =, 114500 3676 |09971|~.003153|=,0111%5
3,78 {43191 (=, 079210 | =, 121448 3,78 |.9971|=.003030|~,0611008
327881 |.3191 |~,078258 |-, 124248 || 378821.9071{-.002979|-.010951
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Table 4, Second plus characteristic in regilon e
X y u a ¢
JO0k9187k | -,00272657 | .180797 | 7320 | 1,592003
.0049530 -,00269038 2183178 »706212 1.589612
-00400898 ~. 00265519 .185512 «698782 1.587268
»00503931 -0 00261963 - 18800k «691360 1.584+765
»00508140 -.00258272 190763 683703 1.581995
»00512419 -,00254540 »193719 « 676083 1,579028
»00516652 -,00250866 2196649 | 669068 1.576087
00520791 ~. 00247119 199786 662088 1.572938
00525443 | -,0024389 | .203076 | .655302 | 1.569637
200529901 -, 00236470 0206693 648406 1,566008
000534324 ~+00235604 210101 » 642392 1,.562587
.0053%8979 | =-.00231731 .213942 .636122 1.55873%
00543675 | =.00227743 0217985 | .630043 1.551679
200548351 | =-.00223782 | .222063 | 624394 | 1,550587
«00553095 -.00219769 «226366 «618907 1.546271
030557925 | -,00215688 | .231030 | 613448 | 1.541593
+00562902 -.002114+86 235900 0608230 1,536708
. 00567888 -2 00207277 2141053 »603189 1,531542

e e i e s 0

I
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Table 4 (continued)

X y Q a o]
»00573133 -.00202848 0246718 059148 1.525861
.00578250 -, 00108521 252399 2593557 10520165
00583420 | =,00194+143 2581716 | 589306 1514371
»00588693 -, 00189669 0261273 0585222 1.508258
000593944 =+ 00185203 «270360 0581503 1.502155
00599500 - 00180462 0276905 «577802 1.495503
000605073 -.00175688 2283813 574329 1.438666
200613273 | -,00168628 | .294272 | .569529 | 1.478180
« 00618400 -, 00164190 0300613 0566875 1.471822

e S e S
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Table 5. Position of an arbitrary plus
characteristic near 0!
6 § g 6 g g
2,62 | ,036678 20387349 | 3.24% | 0.0466291 0,0698348
2,63 | ,0367317 20388466 | 3,26 | 0.0472913 0,0716605
2.6 | .0367915 20389712 | 3,28 | 0.0479925 0,0736531
2465 | ,0368951 +0390987 | 3.30 | 0.0487359 0.075838%
2.66 | ,0369207 003916207 | 3,32 | 0.0495252 0.07824+76
2,67 | 40369392 00302295 | 3,34 | 0,0503645 0.0809201
2.68 | .0370607 00393636 | 3,36 | 0,0512586
2,69 | ,0371350 »0396421 | 3,38 | 0,0522130
2,70 | +037212k 20399347 | 3,40 | 0,0532337
2,71 | c0372937 | 20402420 | 3,42 | 0,0543281
2072 | 0373724 JOHO5647 | 3,44 | 0,0555045
2,73 | sO374574 0400037 | 3.446! 0,0558721
2.7% | 40375465 0412597 | 3.46 | 0,05660
2,75 | 0376385 0416336 | 3,48 | 0,0574515
2,76 | 0377334 | 0420264+ | 3,50 | 0.,0583548
2,77 | +0378313 10.0424392 | 3,52 | 0,0593143
2,78 | ,0379320 0.0428732 | 3,54 | 0,060335k
2,79 | +0380356 1020433296 | 3.56 | 0,0614238
2080 | .0381421 10.0438098 | 3.58 | 0.,0625864
2,81 | ,0382422 [0.0443155 | 3,60 | 0,063831L
2,82 | 0383535 0.0448482 | 3,62 | 0,0651667
2,83 | .0384683 10.0454100 | 3.6% | 0.0666039
2,84 | 0385359 10,0460028 | 3.66 | 0,0681551
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Table 6, Minus characteristic

34

X y u a g
»00116620 =. 00067019 +1899 07524 1.6025
.00492125 =, 00267994 +1800 27162 1.5928
+00969330 -.00525267 21725 .6888 1,5832
«0172790 -, 003825181 21639 26610 1.5712
00270417 -. 0143749 o 1542 o 6400 1.5590
» 104652 -2 063729 + 1015 ,5810 1.14970
+193669 -.158140 «0527 o 5534 1.4300

[ S TR
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Appendix
(From Holt (1956))
Table 1, Initial values of dependent variablis
alr water
— — "3 a4 -l

Poe = Pos = Ppe(?) 2,763x10 6.132x10

Boe = Upg = Upe(®)  9.219x1071  3,191x107%

Bg = 8¢ () 9,980x107%  5,787x107%

800 2.957x10%  9,971x10""

Table 2, Constans of integration

air water air water
-1,738x1073  -5,50kx1¢™t €, -3.342x1073  -9,k57x107L
~3.797%10™F  -5,291x10"2  Cs  9.428x1073  9,619x1071
-6,433x10"1 0 Ce 6,663 0
~7.243%x1073  «5,604x107% G 12741072 -9,056x1072
-9,580x1073  9,264x1072 G §.Mkx1072 ~1,271
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